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1 Motion along a 
straight line 


Exercise 1 


A particle travels along a straight line. Its 
position x at time t is given by 


r= 5t° = 2t. 
Find the following in terms of the time t. 
(a) The velocity of the particle. 
(b) The acceleration of the particle. 


Exercise 2 


A car accelerates from rest. Its acceleration a 
(in ms?) as it pulls away is modelled by the 
equation 
lt 
a=t+e?, 
where ¢ (in seconds) is the time since the car 
began to accelerate. 
(a) Find the velocity v (in ms~!) of the car 
in terms of the time t. 
(b) Find the position x (in m) of the car in 
terms of the time t. 


(c) How far has the car travelled after 
6 seconds? Give your answer to three 
significant figures. 


Exercise 3 
The graph below shows the position (in 


metres) of a particle against time (in seconds). 


(a) How many times does the direction of 
motion of the particle reverse? 


(b) What is the approximate speed of the 
particle after one second? 


(c) What is the approximate total distance 
that the particle has travelled after two 
seconds? 


(d) At approximately what time is the speed 
of the particle greatest? 


Exercise 4 


The graph below shows the velocity (in ms~') 
of a particle against time (in seconds). 


(a) How many times does the direction of 
motion of the particle reverse? 

(b) At which of the two times t = 4 and 
t= 3 is the particle further from its 
position at time t = 0? 

(c) At approximately what time is the 
acceleration of the particle greatest? 


(d) Is the acceleration of the particle ever 
zero? If so, when? 


Exercise 5 


A lorry pulls away from rest with a constant 


acceleration of 2ms~2. 


(a) How long does it take for the lorry to 
reach a speed of 13ms~!? 


(b) How far does it travel in this time? 


Exercise 6 


A peregrine falcon, initially hovering 
(stationary) in the air, is subsequently 
observed flying towards some prey. It takes 
the falcon 5 seconds to reach its prey, and it is 
estimated that the distance that it travels in 
this time is 220m. Making the assumption 
that the acceleration of the falcon is constant, 
calculate the following. 


(a) The acceleration of the falcon. 


(b) The speed of the falcon when it reaches 
its prey. 


Exercise 7 


A car travelling at 60 mph (26.8ms~‘) in a 
60 mph zone approaches a sign for 30 mph. 
The sign is 100 metres away. The driver 
wishes to have slowed down to 30 mph 
(13.4ms~!) by the time he reaches the sign. 
In the following, assume that the deceleration 
of the car is constant. 


(a) What should the rate of the car’s 
deceleration be in order to achieve this? 


(b) How long will it take? 


Give your answers to three significant figures. 


Exercise 8 


To determine the height of a bridge, someone 
drops a small stone (from rest) from the 
bridge so that it falls vertically downwards 
under the influence of gravity alone, until it 
hits the ground below. It takes the stone 

3.5 seconds to reach the ground. 


How high is the bridge? Give your answer in 
metres to two significant figures. 


1 Motion along a straight line 


Exercise 9 


A rocket is fired vertically into the air. After 
being launched, it rises until its motor cuts 
out. At this time, the rocket has attained a 
height of 700 metres above the launch pad, 
and a velocity of 63ms~! upwards. From this 
time on, the rocket is acted on by gravity 
alone, so it continues to rise to a maximum 
height and then crashes back onto the launch 
pad. 


Take the origin to be the point where the 
rocket’s motor cuts out, and measure time 
from the moment when the motor cuts out. 


(a) How far does the rocket travel from the 
moment when its motor cuts out to the 
time when it reaches its maximum 
height? Give your answer in metres to 
two significant figures. 


(b) How long after the motor cuts out does 
the rocket crash back onto the launch 
pad? Give your answer in seconds to two 
significant figures. 


Exercise 10 


The Shanghai MagLev train travels a distance 
of 30.5km between Pudong Airport and 
Longyang Road Station. The train leaves 
Pudong Airport with a constant acceleration 
of 0.57ms~? until it reaches a speed of 

119.7 ms7t (431kmh~?). It then travels at 
this speed for 60 seconds, before slowing down 
with constant deceleration to stop at 
Longyang Road Station. 


Give the following answers to three significant 
figures. (Don’t forget to use the unrounded 
values in subsequent calculations. ) 


(a) How far does the MagLev train travel 
while it speed is increasing? 


(b) How far does the train travel at its top 
speed? 


(c) What must the rate of deceleration be in 
the final stage of the journey to ensure 
that the train comes to a stop at the 
station? 


(d) How long does it take the train to travel 
from Pudong Airport to Longyang Road 
Station? 
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Exercise 11 


While making an emergency stop, a car slows 
with acceleration given by — 2a? (in ms~?), 
where x is the distance (in metres) from 
where the driver starts applying the brakes. 
The car is travelling with a speed of 16 m s7 
when the driver begins braking. 


a 


Find the following. 


(a) The speed of the car after it has travelled 
9 metres, to the nearest ms-!. 


(b) The distance travelled by the car from 
where the driver begins braking to where 
it comes to a stop. 


2 Newton’s second law 
of motion 


Exercise 12 


A ball of mass 0.4kg accelerates from rest in 
a straight line along a sloping seesaw whose 
tilt does not change. The distance x (in 
metres) of the ball from its starting point is 
given in terms of the time ¢ (in seconds) by 


c=t?+#(1—e'). 


Find the resultant force acting on the ball in 
terms of the time t. 


Exercise 13 


An object of mass 3 kg hanging on the end of 
a spring is released from rest, 1 metre above a 
fixed point, and bounces vertically up and 
down. Take the x-axis to lie along the line of 
motion of the object, with the origin at the 
fixed point and the positive direction pointing 
upwards. The resultant force F (in newtons) 
acting on the object is given by 


F = —12 cos 2t, 


where t is the time since the object was 
released. 


Find the position of the object in terms of the 
time t. 


Exercise 14 


An asteroid of mass 20 000 kg heads for 
impact with a planet, moving along a straight 
line towards the centre of the planet. Take 
the origin to be the centre of the planet, with 
the x-axis pointing in the direction from the 
centre of the planet to the asteroid, so that x 
is the displacement (in metres) of the asteroid 
from the planet. The resultant force F (in 
newtons) acting on the asteroid is given by 


2.4 x 10" 

ge 
When the asteroid is first observed, it is 
25000km from the planet and travelling at a 
speed of 4kms~! towards the planet. 


The planet has a radius of 5000km. Find the 
speed of the asteroid on impact with the 
planet. 


P= 


(Don’t forget to write positions and velocities 
in terms of metres, to be consistent with the 
force being given in newtons.) 


Exercise 15 


A sled of mass 40 kg is pulled from rest along 
a smooth horizontal surface with a rope that 
makes an angle of 50° with the horizontal. 
The magnitude of the pulling force is 72 N. 


Find the magnitude of the acceleration of the 
sled, and its speed after 5 seconds. Give your 
answers to two significant figures. 


Exercise 16 


A child of mass 21 kg slides down from the 
top of a smooth slide, from rest, under the 
effect of gravity alone. The slide is inclined at 
an angle of 35° to the horizontal and is 

3 metres long. 


How long does it take the child to slide down 
the slide? Give your answer to two significant 
figures. 


Exercise 17 


A curling stone is given a push so that it slides 
along the ice in a straight line, with an initial 
speed of 5ms~!. The coefficient of sliding 

friction between the stone and the ice is 0.05. 


The person who pushes the curling stone is 
aiming to hit another stone 30 metres away. 
If the person aims in the correct direction, 
will this be achieved? 


Exercise 18 


A box is given an initial push up an inclined 
plane so that it slides upwards for a short 
time before coming to a stop. The plane is 
inclined at an angle of 30° to the horizontal, 
and the coefficient of sliding friction between 
the box and the plane is 0.4. 


Find, to two significant figures, what the 
initial speed of the box must be so that it 
travels a distance of one metre up the slope. 


Exercise 19 


A car is travelling down an icy ramp when its 
brakes lock and it begins to slide. The ramp 
is inclined at an angle of 15° to the horizontal, 
and the coefficient of sliding friction between 
the car and the ramp is 0.35. When the 
brakes lock, the car is travelling at 11ms7!. 
The car slides for 5 seconds before the driver 
regains control of the car. 


What is the speed of the car when the driver 
regains control? Give your answer to two 
significant figures. 


Exercise 20 


A box of mass 10 kg is pulled up a rough 
slope, as shown in the diagram below. The 
slope is inclined at an angle of 20° to the 
horizontal. The box is pulled by a rope 
inclined at an angle of 10° to the slope, with a 
force of magnitude 80 N. The coefficient of 
sliding friction between the slope and the box 
is 0.4. 


3 Motion in two or three dimensions 


Calculate the acceleration of the box up the 
slope, in ms? to two significant figures. 


3 Motion in two or 
three dimensions 


Exercise 21 


The position of a particle is given in terms of 
the time t by 


r = 0.5¢ i+ (2t + 4)j — 0.25t? k. 


Find the position and the distance from the 
origin of the particle at each of the following 
times. 


(a)t=0 (b) t=2 (cà) t=10 


In part (c), give your answer for the distance 
to two decimal places. 


Exercise 22 


The position of a particle is given in terms of 
the time t by 


r = 0.5¢ i+ (2t + 4) j — 0.25t? k. 
Find the following. 


(a) The velocity of the particle in terms of 
the time t. 


(b) The speed of the particle when t = 10. 
Give your answer to two decimal places. 
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Exercise 23 
The velocity v of a particle is given in terms 
of the time t by 

v= Je "149 {tk 
At one t = 0, the position of the particle is 
r= 5j. 


Find the position and the distance from the 
origin of the particle at time t = 4. Give your 
answer for the distance to two decimal places. 


Exercise 24 


A child slides down a helter skelter ride. The 
position r (in metres) of the child is given in 
terms of the time ¢ (in seconds) by 


2rt 2rt 4t 
= 2 — i+ 2sin — j 12 — — |k. 
f cos 5 1+ 2sin 5 i+( 2) 


Find the following. 
(a) The velocity of the child in terms of t. 


(b) The speed of the child when t = 5, 
in ms~! to three significant figures. 


(c) The acceleration of the child in terms of t. 


Exercise 25 


The acceleration (in ms~*) of a skier as she 
slaloms down a hill is given in terms of t, the 
time (in seconds) after she began her descent, 
by 


1 


—1;_,2 
a=51-7 


sin mtj. 

The initial position of the skier at time t = 0 

is r = 4k, and her initial velocity is 

v=Tj- $ k. 

(a) Find the velocity of the skier in terms of 
the time t. 


(b) Find the position of the skier in terms of 
the time t. 


Exercise 26 


A pebble is thrown from the edge of a cliff 
into the sea. It is thrown at an angle of 30° 
above the horizontal, with speed 6ms~!. The 
edge of the cliff is 32 metres above the sea. 


(a) What is the maximum height above the 
sea reached by the pebble? 


(b) How long does it take before the pebble 
splashes into the sea? 


Give your answers to two significant figures. 


Exercise 27 


An archer is trying to shoot an arrow towards 
a target that is 90 metres away. The archer 
will release the arrow from the same height as 
the centre of the target, with a speed of 
42ms™t. 


At what angle above the horizontal should the 
archer point the arrow to ensure that it hits 
the centre of the target? 


Hint: the identity sin 20 = 2 sin 0 cos 0 may 
prove useful. 


Exercise 28 

A ball is kicked up a slope that is inclined at 
an angle of 20° to the horizontal. The ball is 
kicked with an initial speed of 18ms~', at an 
angle of 10° to the slope, as shown in the 
diagram below. 


|v| = 18 


Calculate how far up the slope the ball lands, 
in metres to two significant figures. 


You should take the x-axis to be parallel to 
the slope, to make the working easier. 


Exercise 29 


A slope is inclined at an angle a to the 
horizontal. A ball is thrown down the slope 
with initial speed vp, at an angle 0 to the 
slope, as shown in the diagram below. 


(a) 


lv| = vo 


Show that the distance that the ball has 
travelled down the slope when it lands is 
given by 


2v2 sin 8 (cos ð cosa + sin @ sin a) 


2 ? 
g COs* a 


where g is the magnitude of the 
acceleration due to gravity. 
Explain why we can write this expression 
as 

2v2 sin 6 cos(@ — a) 

g cos? a f 

Show that if a = 0, then this expression 
reduces to 

vp sin 20 

g ? 

as in the solution to Activity 28 in 
Unit 10. 


3 Motion in two or three dimensions 
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Solutions to exercises 


Solution to Exercise 1 


A diagram of the situation is shown below. 


a = 4t? — 2t 

t g 
x=0 
p= 


Sy 


(a) The velocity v is found by differentiating 
the position x. This gives 
dr dis 
= = (a =) Ser =o 
dt dt ( 2 ) 2 
(b) The acceleration a is found by 
differentiating the velocity v. This gives 


dv d 
= a en 


U 


Solution to Exercise 2 
Model the car as a particle. 


A diagram of the situation is shown below. 
We are told that the car starts from rest, so 
v = 0 when t= 0. 


y= a=t+e2 
—— —>>—_ 
H ® > 
0 x 
t=0 


(a) To find the velocity, we integrate the 
acceleration with respect to t: 


v= [oat 
= fe + e2') dt 
= st? + 2e?t + C; 
where c is a constant. 


Using the initial condition that v = 0 
when t = 0 gives 

O=4 x 0742?" +e, 
soc=—2. 
The velocity of the car, in ms~!, in terms 
of the time t is therefore given by 


v= ie +28 — 2. 


(b) To find the position, we integrate the 
velocity with respect to t: 


s= [vat 
= fP + 208-2) at 


143 + 4e3t — 2 +d, 


where d is a constant. 


Using the initial condition that « = 0 
when t = 0 gives 


O= 2x0? +4e?*° 2x 044, 
so d = —4. 


The position of the car, in metres, in 
terms of the time t is therefore given by 
aw = 245 4 4e3* — 2¢ — 4, 
(c) To find the position after 6 seconds, we 
substitute t = 6 into the expression for 
the position found in part (b). This gives 


z= x 65 + 4e9*6 2x 6-4 
= 100.342 147... 


That is, the distance travelled after 
6 seconds is 100m, to three significant 
figures. 


Solution to Exercise 3 


(a) The direction of the graph changes four 
times (there are four turning points), so 
the direction of motion of the particle 
reverses four times. 


(b) After one second, at time t = 1, the 
graph appears to have a turning point, so 
the speed of the particle at this time is 


approximately Oms7!. 


(c) The graph shows that the particle starts 
at position x = —4, and that at time 
t = 1 its position is approximately x = 1, 
so the particle has travelled 
approximately 5 metres after one second. 


At this time, the particle changes 
direction and, from being at position 
x = 1 at time t = 1, it then reaches 
position x = —4, approximately, at time 
t = 2. So the particle has travelled 
approximately 1.5 metres between time 


t= 1 and time t = 2. 


Therefore the total distance travelled by 
the particle after two seconds is 
approximately 5 + 1.5 = 6.5 metres. 


(d) The speed of the particle is greatest when 
the magnitude of the gradient of the 
position—time graph is greatest. This is 
at time approximately 0 seconds, just 
after the motion begins. 


Solution to Exercise 4 


(a) When the velocity is positive, the particle 
is moving in the positive x-direction, and 
when the velocity is negative, the particle 
is moving in the negative «x-direction. So 
the direction of motion of the particle 
reverses when the curve crosses the t-axis. 


The curve crosses the t-axis twice, so the 
direction of motion reverses twice. 


(b) The change in the position of the particle 
between any two times is the signed area 
between the velocity—time graph and the 
t-axis between these two times. 


Between time t = 0 and time t = $, the 
area between the graph and the t-axis lies 
entirely above the t-axis, so the signed 
area is positive and hence at time t = i 
the particle has a positive displacement 
from its position at time t = 0. 


Between time t = 0 and time t = ł, the 
signed area also includes an area below 
the t-axis (just slightly smaller than the 
area above), which makes a negative 
contribution to the signed area. This will 
cancel out much of the positive signed 
area, and hence the total signed area 
between time t = 0 and time t = = is 
much smaller in magnitude than that 
between time t = 0 and time t = 2. 


Hence the particle is further from its 
position at time t = 0 when t = i than 


when t = 3. 


(c) The acceleration of the particle is 
greatest when the magnitude of the 
gradient of the velocity—time graph is 
greatest. This is at time approximately 
0 seconds, just after the motion begins. 


Solutions to exercises 


(d) Yes. The acceleration of the particle is 
the gradient of the velocity—time graph. 
This is zero at the two turning points, at 
times t = 0.9 and t = 2.5, approximately. 
It is also very close to zero from time 
t = 5 to time t = 7, since the graph is 
very close to being horizontal in this time 
interval. 


Solution to Exercise 5 
Model the lorry as a particle. 


Measure time from the moment when the 
lorry starts accelerating. 


Choose the positive direction of the x-axis to 
be the direction in which the lorry is 
accelerating, with the origin at the point 
where the lorry is at time t = 0. 


The position of the lorry at time t is x. Since 
the lorry starts from rest, its initial velocity is 
vo = 0. Its acceleration is a = 2. 


vo = 0 G=} o= lg 
_—>—_- > —— 
H o $ > 
0 =f tb 
b=) ae 


(a) We know that vo = 0 and a = 2, and we 
want to find t when v = 13. Using 
v = vo + at gives 


13 = 04 2t, 
so t= 6.5. 


The time that it takes for the lorry to 
reach 13ms~! is 6.5 seconds. 


(b) Here we again know that vo = 0 and 

a = 2, but this time we want to find x 
when v = 13. Using v? = vê + 2ax gives 

13? =0° +2 x2 x zr, 
so 

13? 
g= = 42.25. 
2x2 


The distance travelled in this time is 
42.25 metres. 
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Solution to Exercise 6 
Model the falcon as a particle. 


Measure time from the moment when the 
falcon begins flying towards its prey. 


Choose the positive direction of the x-axis to 
be the direction in which the falcon is 
accelerating, with the origin at the point 
where the falcon is at time t = 0. 


The position of the falcon at time t is x. 
Since the falcon is initially hovering, we can 
take its initial velocity to be vp = 0. The 
distance travelled is x = 220, and the time 
taken is t = 5. We assume that the 
acceleration is constant. 


(a) We know that vo = 0, x = 220 and t = 5. 
We want to calculate the value of a. 
Using x = vot + Sat? gives 


220=0x5+4ax 5°. 


Hence 
2 x 220 
a= 52 = 17.6: 
So the acceleration of the falcon is 
17.6 ms7?. 


(b) Here we again know that vo = 0, z = 220 
and t = 5. This time we want to calculate 
the final velocity v. Using x = $(vo + v)t 
gives 


220 = 4(0 + v) x 5, 


so 

220 x 2 
nr: 

Hence the speed of the falcon when it 


reaches its prey is 88 mst. 


= 88. 


10 


Solution to Exercise 7 
Model the car as a particle. 


Measure time from the moment when the car 
starts decelerating. 


Choose the positive direction of the x-axis to 
be the direction in which the car is travelling 
(so the acceleration is negative), with the 
origin at the point where the car is at time 
t= 0. 


The position of the car at time t is x. The 
car’s initial velocity is vọ = 26.8. The desired 
final velocity is v = 13.4. The car travels 
distance x = 100. 


vo = 26.8 ai U = DA 
—— —>—— — 

t © e > 
ie = 0 x = 100 T 
t= t=? 


(a) We know that vo = 26.8, v = 13.4 and 


x = 100. We want to find a. Using 


v? = vg + 2ax gives 


13.4? = 26.8? + 2 x a x 100, 
SO 
_ 13.4? — 26.8? 
~ 2x100 


Hence the driver should decelerate at 
2.69ms7? (to 3 s.f.). 


= —2.6934. 


(b) Here we again know that vo = 26.8, 
v = 13.4 and x = 100, and we want to 
find t. Using x = $(vp + v)t gives 


100 = $(26.8 + 13.4)t, 


so 
O 100 x 2 
26.8 +13.4 


Hence it will take the driver 4.98 seconds 
(to 3 s.f.) to slow down to 30 mph. 


= 4.975124.... 


Solution to Exercise 8 
Model the stone as a particle. 


Measure time from the moment when the 
stone is released. 


Choose the positive direction of the x-axis to 
be downwards, with the origin at the point 
where the stone is released. 


The position of the stone at time t is x. The 
initial velocity of the stone is v9 = 0. 


Its acceleration a is the acceleration due to 
gravity, which has magnitude 9.8ms~? and is 
directed downwards, so a = 9.8. The time 
taken is t = 3.5. 


va 


We know values for vp, a and t, and we want 
to calculate x. Using x = vot + sat? gives 


z = 0 x 3.5 + $ x 9.8 x 3.57 = 60.025. 
Hence the bridge is 60m high (to 2 s.f.). 


Solution to Exercise 9 
Model the rocket as a particle. 


As specified, measure time from the moment 
when the rocket’s motor cuts out. 


Choose the positive direction of the x-axis to 
be upwards, with the origin at the point 
where the rocket is when its motor cuts out. 


The position of the rocket at time t is x. Its 
initial velocity is vp = 63. Its acceleration a is 
the acceleration due to gravity, which has 
magnitude 9.8ms ? and is directed 
downwards, so a = —9.8. 


(a) 


Solutions to exercises 


The rocket reaches its maximum height 
when v = 0. So we know that vp = 63 
and a = —9.8, and we are seeking the 
value of x when v = 0. Using 


v? = vô + 2az, we get 


0? = 63? + 2(—9.8)x 
SO 
—63? 
= ————_- = 202.5. 
eT 


The rocket travels 200 metres (to 2 s.f.) 
between its motor cutting out and its 
maximum height. 


g= — 100 
t=} 


The rocket will crash back onto the 
launch pad when x = —700. So we know 
that vo = 63 and a = —9.8, and we are 


seeking the time t when « = —700. Using 


x= vot + sat? gives 
—700 = 63t + 3(—9.8)t?. 
We can rearrange this equation to give 
4.9t? — 63t — 700 = 0. 
Multiplying through by “= gives 
7t? — 90t — 1000 = 0. 
Factorising gives 
(7t + 50)(t — 20) = 0, 
which has solutions t = -3 and t = 20. 


Since the time when the rocket crashes 
back onto the launch pad is positive, we 
conclude that this happens 20 seconds 
(to 2 s.f.) after the motor cuts out. 
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Solution to Exercise 10 
Model the MagLev train as a particle. 


Let A be Pudong Airport, let D be Longyang 
Road Station, and let B and C be the points 
in the train’s journey where its acceleration 
changes. 


A sketch of a velocity—time graph for the 
journey is shown below. 


> 


DE 
x = 30 500 


‘Ta () 


We know the accelerations for the first two 
parts of the journey, and the maximum 
velocity of the train. We also know that the 
total distance travelled is 30500 m. 


(a) For this stage, measure time from when 
the MagLev train is at point A, and take 
the a-axis to point in the direction of 
motion, with the origin at A. 


vo = 0 a = SE w= Oy 
—— pp —— 

H © © > 
g= = ae 
t=0 PSR 


We have that vo = 0 and a = 0.57, and 
we want to find x when v = 119.7. Using 


v? = vê + 2az, we get 


119.7? = 0? +2 x 0.57 x 2, 


SO 


2 
g= A = 12568.5. 
2 x 0.57 


Hence the distance that the train travels 
while its speed is increasing is 12.6km 
(to 3 s.f.). 
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(s) 


(b) For this stage, measure time from when 
the MagLev train is at point B, and take 
the x-axis to point in the direction of 
motion, with the origin at B. 


vo = 119.7 a=0 v = 119.7 
—— —>>— — — 
H D @ > 
0 =? 
t=0 t = 60 
B Co 


We have that vo = 119.7 and a = 0, and 
we want to find x when t = 60. Using 

z = vot — sat? (which, with a = 0, 
reduces to x = vot) gives 


x = 119.7 x 60 = 7182. 


Hence the distance travelled by the 
MagLev train while at its top speed is 
7.18km (to 3 s.f.). 


For this stage, measure time from when 
the MagLev train is at point C, and take 
the x-axis to point in the direction of 
motion, with the origin at C. 


We know that the total length of the 
journey is 30500 metres, and we have 
calculated the lengths of the first two 
parts of the journey in parts (a) and (b), 
so we can find the length x of the final 
part of the journey: 


x = 30500 — 12 568.5 — 7182 = 10 749.5. 


— 
Q 
Nor 


vg = 119.7 a=? v=0 
—— —»— ——— 
| e e > 
=) oO oe 
c= =} 
C ID) 


We have that vo = 119.7 and v = 0. We 
can therefore use v? = ue + 2ax to 
calculate a. We obtain 


0? = 119.77 + 2 x a x 10749.5, 
SO 
—119.7? 


ox 10 749.5 


Hence the rate of deceleration must be 
0.666ms~? (to 3 s.f.). 


= —0.66645.... 


(d) To calculate the total time taken for the 
journey, we need to calculate the times 


taken for stages AB and CD, and add 
them to the 60 seconds taken for 

stage BC. 

For stage AB, measure time from when 
the MagLev train is at point A, and take 
the x-axis to point in the direction of 
motion, with the origin at A. 


We have that vo = 0, v = 119.7 and 
a= 0.57. Using v = vo + at gives 


119.7 = 0 + 0.57 x t, 


so 
119.7 
0.57, 
For stage CD, measure time from when 
the MagLev train is at point C, and take 
the x-axis to point in the direction of 
motion, with the origin at C. 


We have that vo = 119.7, v = 0 and 
x = 10749.5. Using x = 4(vo + v)t gives 
) 


10 749.5 = $(0 + 119.7)¢, 


= 210. 


so 
2 x 10 749.5 
= ——— = 179.6.... 
119.7 Be 
Adding the three times together, we get 
210 + 60 + 179.6... = 449.6.... 


Hence the total time taken for the 
journey is 450 seconds (to 3 s.f.), that is, 
7 minutes and 30 seconds. 


Solution to Exercise 11 


Model the car as a particle. 


The z-axis points in the direction of travel, 
with the origin at the point where the driver 
begins braking. 


We know that the velocity is v = 16 when the 
position is x = 0. 


The acceleration is given by a = —ĝx?. 
v= 16 a = —§2° G= v= 
a 
e o e 
0 g = p] E 
¢= 


Solutions to exercises 


Using the equation 


that is, 


do a 5 


u — = -—= 
dz 9 


Separating the variables gives 


fea =- f gaar 


Performing the integrations, we get 


su" = —-223 aC, 


where c is an unknown constant. 


Since we know that v = 16 when x = 0, we 
have 


$ x 16° =- x0? +c, 

so 
c= 4 x 16° = 128. 

Hence the velocity is given by 
$u? = — Za? + 128, 

which we can rearrange to give 


v? = — £r? + 256. 


Since the car is moving in the positive 
x-direction, its velocity v is positive for all 
values of x involved. So we obtain 


v = 4/256 — $r. 


(a) We can use the expression above for the 
velocity to calculate the velocity when 
x = 9. This gives 


v = 1/256 — = x 93 
= 237 
= 12.1655... 


Hence the speed after 9 metres of braking 
is 12ms~* (to the nearest ms~*). 
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(b) We can use the expression above for the 
velocity in terms of the position to 
calculate the position x when v = 0. This 
gives 


0 = 1/256 — 23, 


sO 

0 = 256 — #2°, 
thus 

wu = 256, 
hence 


x? = 1728, 


x= 12. 
The car comes to a stop 12 metres from 
where the driver begins braking. 
Solution to Exercise 12 
Model the ball as a particle. 


The positive direction of the z-axis is along 
the seesaw, with the origin at the starting 
point of the ball. 


The acceleration (in ms~”) of the ball is 
given by 


d?r d? 
= aa Tle] 
= Tiar- zc’) 
=2— ze". 


We know that the mass of the ball is 0.4 kg, 
so m = 0.4. We can therefore apply Newton’s 
second law, F = ma, to get 

F = ma =0.4 x (2— ge") = 2 (10 — ¢). 


That is, the resultant force F (in newtons) 
acting on the ball is given in terms of the 
time t by 


F = 3(10-e’). 


(The direction of the force is the direction of 
motion of the ball.) 
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Solution to Exercise 13 
Model the object as a particle. 


As indicated in the question, take the x-axis 
to lie along the line of motion, with its 
positive direction pointing upwards, and the 
origin at the location of the object at time 
t=0. 


Then at time t = 0 the velocity is v = 0 and 
the displacement is x = 1. 


T 
A 


=k 


@ F = —12cos 2t 
u=) 


Tic 


First we find the acceleration of the object in 
terms of the time t. 


The mass of the object is 3kg, so m = 3. 
Hence, by Newton’s second law, the 
acceleration a (in ms”) is given by 

F —12 cos 2t 


a = — = 
m 3 


= —4 cos 2t. 


Now we find the velocity v (in ms~') of the 
object in terms of the time t. The velocity is 
given by 


v= f adt=- f 4cos2tdt 


= —2sin 2t + c, 
where c is a constant. 


The object starts from rest, so v = 0 when 
t = 0. Substituting these values into the 
equation above gives 


0= G, 
so 
v = —2sin 2t. 


Finally, we find the position x (in metres) of 
the object. The position is given by 


s= [var=— f asinzeat 


= cos 2t + d, 


where d is a constant. 


Now, x = 1 when t = 0, and substituting 
these values into the equation above gives 


ae te 


Hence d = 0, so the position x (in metres) of 
the object at time t is given by 


x = cos 2t. 


Solution to Exercise 14 
Model the asteroid as a particle. 


The z-axis points in the direction from the 
planet to the asteroid, with the origin at the 
centre of the planet, as indicated in the 
question. 


At time t = 0, the velocity is v = —4000 and 
the position is z = 25 000000. 


y= ea 


x = 25000 000 
b= 


x = 5000000 


First we find the acceleration of the object in 
terms of the time t. 


The mass of the object is 20000 kg, so 
m = 20000. Hence, by Newton’s second law, 
the acceleration a (in ms~?) is given by 


2.4 x 101° 
Fo (- a2 ) © 12x10” 
m 20 000 ge 
This expresses the acceleration as a function 
of the position z. 
To find the velocity v (in ms~') of the object 
as a function of x, we use the equation 

dv 


which gives 
dv 12x10 


v — = 
dx r2 


Solutions to exercises 


This is a separable differential equation. 
Separating the variables gives 


1.2 x 1015 
[ew=- [Sean, 
T 


so 
v? 1.2 x 1015 
Dan. 
where c is a constant. 
Using the initial condition that v = —4000 
when x = 25 000 000 gives 


(—4000)? 1.2 x 1015 


23 25000000.” 
sO 
12 10!2 
sorio- ae 
25 x 10° 
thus 


8 000 000 = 48 x 10° + c, 
hence 

8 000 000 = 48 000 000 + c, 
sO 

c = —40 000000, 
that is, c = —4 x 10". Hence 

v? 12x10 


= L2 4x10, 
2 £ 
that is, 
2.4 x 1015 
v= _gx10. 
L 


Since the asteroid moves towards the planet 
(in the negative direction), its velocity v is 
always negative, so 


2.4 x 1015 
(4 a 
x 
The asteroid hits the planet when 
x = 5000000 = 5 x 10°, which gives 


2.4 x 1015 
5 x 106 


24 1018 
V 5x 108 
= —y 48 x 107 — 8 x 107 


—4/40 x 107 
= — y 400 000 000 
= —20 000. 


v= = 


Hence the speed of the asteroid on impact 
with the planet is 20000 ms7™t, that is, 
20kms~t. 
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Solution to Exercise 15 
Model the sled as a particle. 


A diagram of the situation is shown below. 


Sv 


Take the z-axis to be horizontal, pointing in 
the direction of the motion, and take the 
y-axis to be vertical, with the origin at the 
initial location of the sled. 


The forces acting on the sled are its 

weight W, the normal reaction N from the 
surface, and the pulling force, say P. A force 
diagram is shown below. 


We know that |P| = 72 and |W| = 40g, where 
g is the magnitude of the acceleration due to 
gravity. Let N = |N]. Expressing the forces 
in component form gives 


N= Nj, 
P = 72 cos 50°i + 72 sin 50°), 
W = —40gj. 


The resultant force F acting on the sled is 
given by 
F=N+P+W 
= Nj+72cos50°i + 72sin 50°j — 40gj 
= 72 cos 50°i + (N + 72 sin 50° — 40g) j. 
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Since the sled moves along the x-axis, its 
acceleration has component form 


a=ai, 
where a is the i-component of the 
acceleration. 
Newton’s second law, F = ma, gives 

40a i = 72 cos 50°i + (N + 72 sin 50° — 40g) j. 


Resolving this equation in the i-direction 
gives 


40a = 72 cos 50°, 


sO 
B T2 cos 50° 
"= — yo 


The magnitude of the acceleration of the sled 
is 1.2 ms7? (to 2 s.f.). 


= L150: 


Since the acceleration is constant, we can use 
an equation of motion for constant 
acceleration to find the speed after 5 seconds. 
We know that vo = 0, a = 1.1570... and 

t = 5, and we want to find v. Using 

v = vo + at gives 


v = 0 + 1.1570... x 5 =5.7850.... 


The speed of the sled after 5 seconds is 
5.8ma ‘(to 2 s.f.). 


Solution to Exercise 16 
Model the child as a particle. 


A diagram of the situation is shown below. 


35° 


Take the x-axis to point down the slide and 
the y-axis to be perpendicular to the slide, 
with the origin at the top of the slide. 


The forces acting on the child are her 
weight W and the normal reaction N from 
the slide. A force diagram is shown below. 


N 


j 
SS 
ee 
55° S 
i 


W 


We know that |W| = 21g, where g is the 
magnitude of the acceleration due to gravity. 
Let N = |N|. Expressing the forces in 
component form gives 

N=Nj 

W = 21g cos 55°i — 21g sin 55°). 
The resultant force F acting on the child is 
given by 

F=N+W 

= Nj + 21g cos 55°i — 21g sin 55°j 
= 21g cos 55°i + (N — 21g sin 55°) j. 

Since the child moves along the x-axis, her 
acceleration a has component form 

a=ai, 
where a is the i-component of the 
acceleration. 
Newton’s second law, F = ma, gives 

2lai = 21g cos 55°i + (N — 21gsin 55° j. 
Resolving this equation in the i-direction 
gives 

21a = 21g cos 55°, 
so 


a= gcos55°= 5.6210.... 


The magnitude of the child’s acceleration is 
5.6ms~? (to 2 s.f.). 


Since the acceleration is constant, we can use 
an equation of motion for constant 
acceleration to find the time taken to travel 

3 metres. We know that vg = 0, a = 5.6210... 
and x = 3, and we want to find t. 


Solutions to exercises 


Using x = vot + Sat? gives 
3 = 0t + 4 x 5.6210... x t, 


which we can rearrange to get 


t=4/ 2x3 _ 1933 
~~ Gaede. — 


The child takes 1.0 seconds (to 2 s.f.) to reach 
the bottom of the slide. 


Solution to Exercise 17 
Model the stone as a particle. 


A diagram of the situation is shown below. 


Y, 


Take the x-axis to be horizontal, pointing in 
the direction of motion, and take the y-axis 
to be vertical, with the origin at the initial 
location of the stone. 


The forces acting on the stone are its 

weight W, the normal reaction N of the 
surface on the stone, and the friction force F, 
which acts in the negative x-direction. 

A force diagram is shown below. 


N 
j 
r a 


W 


Let m be the mass of the stone, and let 

N = |N|. Then |W| = mg, where g is the 
magnitude of the acceleration due to gravity. 
Also, we have |F| = |N], so |F| = uN, where 
u = 0.05 is the coefficient of sliding friction. 


Expressing the forces in component form gives 


N=Nj, 
F = —u Ni, 
W = —mgj. 
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The resultant force R acting on the stone is 
given by 


R=N+F+W 
= Nj-—pNi-mgj 
= —uNi+ (N — mg)j. 


Since the stone moves along the z-axis, its 
acceleration has component form 


a= ai, 


where a is the i-component of the 
acceleration. 


Newton’s second law gives 
mai =—uNi+ (N — mg)j. 
Resolving in the i- and j-directions gives 
ma = —pN, 
0=N—mg. 
The second equation gives 
N = mg. 
Substituting into the first equation gives 
ma = —umg, 
so 
a = —pg = —0.05 x 9.8 = —0.49. 


So we know that the stone has initial velocity 
vo = 5, and constant acceleration a = —0.49. 
It will stop when it has final velocity v = 0. 


Using v? = v2 + 2az gives 
0? = 5? + 2(—0.49)z, 
which we can rearrange to give 
52 
“9x 0.49 


The stone will therefore travel 26 metres 
(to 2 s.f.) before coming to rest. Since the 
stone aimed at is 30 metres away, it will not 
hit this stone. 


= 20.01 2 25 


Solution to Exercise 18 
Model the box as a particle. 


A diagram of the situation is shown below. 


Take the x-axis to point up the slope and the 
y-axis to be perpendicular to the slope, with 
the origin at the point at which the box is 
given the initial push. 


The forces acting on the box are its 

weight W, the normal reaction N from the 
slope, and the friction force F. The friction 
force F acts against the motion, so it acts 
down the slope in the negative x-direction. A 
force diagram is shown below. 


N 


Let m be the mass of the box, and let 

N = |N|. Then |W| = mg, where g is the 
magnitude of the acceleration due to gravity. 
Also, since |F| = y|N], we have |F| = LN, 
where u = 0.4 is the coefficient of sliding 
friction. Expressing the forces in component 
form gives 


N= Nj, 
W = —mgcos 60°i — mg sin 60°j 


; 3 
= nes = z 9d; 
F = —uNi. 
The resultant force R acting on the box is 
given by 
R=N+W +F 


1 3 
= Nj- digi - Bing i — Ni 


1 ; 3 ; 
=— (Sing + un) i+ (x- Smg) j. 


Since the box moves along the z-axis, its 
acceleration a has component form 


a=ai, 


where a is the i-component of the 
acceleration. 


Newton’s second law gives 


1 3 
mai=— (Sing + nx) i+ (x- Bg) j. 


Resolving this equation in the i- and 
j-directions gives 


1 
ma = — (Sma + un), 


3 
0= N- Bing, 


Rearranging the second equation gives 


V3 


Wad ae 
2 I 


which we can substitute into the first 
equation to obtain 


P V3 
ma=—|-m —m 
a 2 g E Gg]; 

so 
_ g 
a=-2 (1+ v3u) 


9.8 
== (1+ V3 x 0.4) 
= —8.2948.... 


So we know that the constant acceleration is 
a = —8.2948... and the final velocity is 

v = 0, and we want to find the value of vo 
that gives x = 1. 


Using v? = vô + 2ax gives 

0? = vs + 2 x (—8.2948...) x 1, 
which we can rearrange to give 

vg = 2 x 8.2948... 
so 

vo = 4.073.... 


Hence the initial speed needed to ensure that 
the box travels one metre up the slope is 
Alms? (to 2 s.f.). 

Solution to Exercise 19 


Model the car as a particle. 


A diagram of the situation is shown below. 


Solutions to exercises 


Take the x-axis to point down the ramp and 
the y-axis to be perpendicular to the ramp, 
with the origin at the point at which the 
brakes of the car lock. 


The forces acting on the car are its 

weight W, the normal reaction N from the 
slope, and the friction force F. The friction 
force F acts against the motion, so it acts up 
the ramp in the negative x-direction. A force 
diagram is shown below. 


N 
j 

F f 

w i 


Let m be the mass of the car, and let 

N = |N|. Then |W| = mg, where g is the 
magnitude of the acceleration due to gravity. 
Also, since |F| = u|N]|, we have |F| = 4N, 
where u = 0.35 is the coefficient of sliding 
friction. Expressing the forces in component 
form gives 


N= Nj, 
W = mg cos 75°i — mg sin 75°), 
F = —uNi. 


The resultant force R acting on the car is 
given by 
R=N+W-+F 
= Nj+mgcos75°i 
—mgsin 75°j —pNi 
= (mg cos 75°— uN )i 
+ (N — mgsin 75°) j. 
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Since the car moves along the x-axis, its 
acceleration a has component form 


a=ai, 


where a is the i-component of the 
acceleration. 


Newton’s second law gives 
mai = (mg cos 75° — wN)i 
+ (N — mgsin 75°) j. 


Resolving this equation in the i- and 
j-directions gives 


ma = mg cos 75° — uN, 
0 = N — mgsin75°. 

Rearranging the second equation gives 
N = mgsin 75°, 


which we can substitute into the first 
equation to obtain 


ma = mg cos 75° — umg sin 75°, 
which gives 
a = g(cos 75° — usin 75°) 
= 9.8(cos 75° — 0.35 x sin 75°) 
= —0.7766.... 


So we know that the constant acceleration is 
a = —0.7766... and the initial velocity is 
vo = 11, and we want to find v when t = 5. 


Using v = vo + at gives 

y= 11 — 0.7766... X b= T.1165.. 
Hence the speed of the car when the driver 
regains control is 7.1ms~‘ (to 2 s.f.). 
Solution to Exercise 20 
Model the box as a particle. 


A diagram of the situation is shown below. 


Take the z-axis to point up the slope and the 
y-axis to be perpendicular to the slope, with 
the origin at the point at which the motion 
begins. 


20 


The forces acting on the box are its 

weight W, the normal reaction N from the 
slope, the pulling force T from the rope, and 
the friction force F. The friction force F acts 
against the motion, so it acts down the slope 
in the negative x-direction. A force diagram 
is shown below. 


We know that the mass of the box is m = 10, 
so |W| = 10g, where g is the magnitude of 
the acceleration due to gravity. Let N = |N]. 
Since |F| = y|N], we have |F| = uN, where 
u = 0.4 is the coefficient of sliding friction. 
We also have |T| = 80. Expressing the forces 
in component form gives 

N= Nj, 

W = —10g cos 70°i — 10g sin 70°j, 

T = 80cos 10°i + 80 sin 10°), 

F = —uNi. 
The resultant force R acting on the box is 
given by 

R=N+W+T+F 

= N j — 10g cos 70°i — 10g sin 70°j 

+ 80 cos 10°i + 80sin 10°j — uN i 
= (80 cos 10° — 10g cos 70° — uN) i 
+ (80sin 10°— 10gsin 70°+ N)j. 


Since the box moves along the z-axis, its 
acceleration a has component form 


a=ai, 


where a is the i-component of the 
acceleration. 


Newton’s second law gives 
10ai = (80 cos 10° — 10g cos 70°— wN)i 
+ (80 sin 10°— 10g sin 70°+ N)j. 
Resolving this equation in the i- and 
j-directions gives 
10a = 80 cos 10° — 10g cos 70° — uN, 
0 = 80 sin 10° — 10g sin 70° + N. 


Rearranging the second equation gives 
N = 10g sin 70° — 80sin 10°, 
which we can substitute into the first 
equation to obtain 
10a = 80 cos 10° — 10g cos 70° 
— (10g sin 70° — 80 sin 10°), 
which gives 
a = 8 cos 10° — g cos 70° 
— u(g sin 70° — 8 sin 10°) 
= 8 cos 10° — 9.8 cos 70° 
— 0.4(9.8 sin 70° — 8 sin 10°) 
= 1:3987 a 
Hence the acceleration of the box up the 
slope is 1.4m s7? (to 2 s.f.). 
Solution to Exercise 21 
(a) When t = 0, the position is 
r= (0.5 x O?)i+ (2x 0+4)j 
— (0.25 x 0°) k 
= 4j. 
The distance from the origin is 
lel = V0? + 42 + 02 = 4. 
(b) When t = 2, the position is 
r= (0.5 x 29)i+ (2x 2+4)j 
— (0.25 x 2°) k 
= 41+ 8j—k. 


The distance from the origin is 


|r| = y4 + 82 + (-1)? = V81 = 9. 


(c) When t = 10, the position is 
r = (0.5 x 10°)i+ (2x 10+4)j 
— (0.25 x 10°) k 
= 500i + 24j — 25k. 
The distance from the origin is 

|r| = y 500? + 24? + (—25)? 
= 9/251 201 
= 501.20 (to 2 d.p.). 


Solutions to exercises 


Solution to Exercise 22 


(a) The velocity of the particle is given by 


E dr B d 3,., d g 
d 
— —(0.25¢°) k 
TA ) 


= 1.5t?i + 2j- 0.5tk. 

(b) When t = 10, the velocity is 

v = (1.5 x 10°)i + 2j -— (0.5 x 10) k 
= 150i+2j—5k. 
So the speed when t = 10 is 
|v| = 1502 + 22 + (—5)2 
= 22529 
= 150.10 (to 2 d.p.). 


Solution to Exercise 23 


The position of the particle at time t is given 
by 


r= fvat 


= f(zerti+2t°j— tho at 
(f 2e-tar) i+ ( f 28 ar) 
z (| tar) k 


=-2e i+ itj- 4t k +c, 


where c is a vector constant. 


We know that r = ij when t = 0. 
Substituting these values into the equation 
above gives 


$j =—2e°i+(4 x0f)j— (4 x0°)k+c, 
soc=2i+4j. Thus 


r=—2e™% i+ 4tj- it k+2i+4j 
=2(1-e“)i+$g(1+t*)j— 40k. 
The position of the particle at time t = 4 is 
r=2(1—e*)i+3(1+4*)j-(4 x 4’)k 
=2(1—e*)i+ BPj—8k. 


The distance from the origin at time t = 4 is 
therefore 


Ir| = (20 — e-4))? + (3) + (8)? 


= V16580.104... 
= 128.76 (to 2 d.p.). 
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Solution to Exercise 24 
Model the child as a particle. 
(a) The velocity of the child at time t is 


given by 
dr 


an i PDs ah 2Qrt , f 
= —— sin — i+ — cos — j — =k. 
5 5 po oS 


(b) The velocity of the child when t = 5 is 


An . x5, 
v = —— sin i 
5 5 
Pa 2rx5. ti 
a we; 
4 4 
a fk 
5 5 


so the speed when t = 5 is 


EOR) 


16(72 + 1) 
25 


= iV? +1 = 2.6375.... 


The speed of the child after 5 seconds is 
2.64ms7! (to 3 s.f.). 


(c) The acceleration of the child at time t is 


22 


given by 
dv 


g ir 2rt TE 4 k 
aie Bh” ae 


Qnt. BT. 


— 1] — — 


co in 
25 5 25 5 


Solution to Exercise 25 


Model the skier as a particle. 


(a) The velocity v of the skier is given by 


we 


v= faa 


= f (gi-r?sinzt3) dt 


(| 4) i- (f x?sinzeat) 


= šti + mcosmtjtc, 


where c is a vector constant. 


We know that v = tj — $k when t = 0. 
Substituting these values into the 
equation above gives 


mj—-$k=(§ x O)i+ mcos(m x 0)jte, 
that is, 

tj sk=7jt+e. 
So c = —tk. This gives 

v= sti+mcosatj—dk. 


The position r of the skier is given by 


r= fvat 


= J (tis roost +k) dt 


(| stat) i+ ( f roosneat) i 
z (fra) k 


= it i+ sinntj-— stk+d, 


where d is a vector constant. 


We know that r = 4k when t = 0. 
Substituting these values into the 
equation above gives 


4k = (4 x 0°)i+sin(r x 0)j 
— (4 x 0)k+d, 
that is, 
4k=d. 
So d= 4k. This gives 
r= st? i+sin rt j— stk + 4k 
= {t itsinatj+ (4—-$t)k. 


Solution to Exercise 26 
Model the pebble as a particle. 


Measure time from the moment when the 
pebble is released. 


Choose the x-axis to be horizontal, pointing 
out to sea, and choose the y-axis to point 
vertically upwards, with the origin at the foot 
of the cliff directly below where the pebble is 
released. 


F =6 


We know that at time t = 0, the position is 
r = 32j, and the velocity is 


v = 6 cos 30°i + 6sin 30°j 
V3 1 
=6 — j 6 -j 
x 5 1+ 6x 53 
=3vV3i+3j. 


The acceleration a is the acceleration due to 
gravity, so it has magnitude g and points 
downwards. This gives a = —gj. 


The velocity of the pebble is given by 


v= [adt =- | gjđt= -gti +e, 


where c is a vector constant. 


At time t = 0, the velocity is 3/3i+ 3j. 
Substituting these values into the equation 
above gives 


3V3i+3j=-(9g x 0)j +c, 
so c = 3/3i+3j. 
This gives 
v= -—gtj+3V3i+3j 
= 3V3i+ (3— gt)j. 


Solutions to exercises 


The position of the pebble is given by 


r= fvat 
= f (3v3i+@—9t);) at 
= 3V3ti+ (3t— 49t”)j+d, 


where d is a vector constant. 


At time t = 0, the position is r = 32j. 
Substituting these values into the equation 
above gives 


32j = (3v3 x 0)i + (3 x 0 — łg x 0°)j +d, 
so d = 32j. 
Hence the position of the pebble at time t is 
given by 
r = 3V3ti+ (3t — 4gt?)j+32j 
= 3V3 ti + (32 + 3t — dgt?)j. 


(a) The pebble is at its maximum height 
when the j-component of the velocity is 
momentarily zero. This is when 


3—gt =0, 
which gives 
3 
t=5. 
g 


At this time, the j-component of the 
position is 
2 
3 3 
32 + 3t — dgt? = 324+3x-—— 4g (2) 
g g 
9 9 
=20 42 = 
g 29 
9 
= 324+ — 
29 
9 
= 32 + —_ 
T 2x 9.8 
= 32.4591.... 


Hence the maximum height above the sea 
reached by the pebble is 32 metres 
(to 2 s.f.). 


The pebble hits the sea when the 
j-component of the position is zero. This 
is when 


32 + 3t— Sgt? =0. 


—> 
z 


This is a quadratic equation in t. 
Multiplying it through by —1 gives 


sgt? — 3t — 32 = 0. 
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Applying the quadratic formula gives 


3+ ,/(—3)? — 4 x $9(—32) 
t= i 
Bi 3 + 7v9 +64 x 9.8 
9.8 f 


Since taking the negative square root will 
result in a negative time, we choose the 
positive square root, to get 


384+ V9+ 64x 9.8 
z 9.8 

Hence the pebble hits the sea after 
2.9 seconds (to 2 s.f.). 


t = 2.819 5 02. 


Solution to Exercise 27 
Model the arrow as a particle. 


Measure time from the moment when the 
arrow is released. 


Choose the x-axis to be horizontal, pointing 
from the archer towards the centre of the 
target, and choose the y-axis to point 
vertically upwards, with the origin at the 
point from where the archer releases the 
arrow. 


90 


Let 0 be the angle above the horizontal at 
which the archer shoots the arrow. It is 
between 0° and 90°. 


We know that at time t = 0, the position is 
r = 0 and the velocity is 


v = 42cosdi-+ 42sin0j. 


The acceleration a is the acceleration due to 
gravity, so it has magnitude g and points 
downwards. This gives a = —gj. 


The velocity of the arrow is given by 


v= faat=— f giat=—gtire, 


where c is a vector constant. 
At time t = 0, the velocity is 
v = 42cosdi-+ 42 sin 0j. 
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Substituting these values into the equation 
above gives 


42 cos ĝi + 42sinðj = —(g x 0)j +c, 
so 
c = 42 cos ĝi + 42 sin 0j. 
This gives 
v = —gtj + 42 cosi + 42sin0j 
= 42 cos ĝi + (42 sin — gt) j. 


The position of the arrow is given by 


r= fva 


= [ (4200883 + (42 sin 0 — gt) j) dt 
= 42t cos ĝi + (42tsin ð — 4gt°)j +d, 
where d is a vector constant. 
At time t = 0, the position is r = 0. 


Substituting these values into the equation 
above gives 


0 = (42 x Ocos@)i 
+ (42 x Osind — 4g x 0°)j +d, 
sod=0. 
Hence the position of the arrow at time t is 
given by 
r = 42t cos i+ (42¢sin 6 — gt’) j. 
The arrow will hit the centre of the target if 
its position is given by r = 90i at some 
time t. That is, we want 
42t cos ĝi + (42tsin 0 — $gt”) j = 90i. 
Resolving this vector equation in the i- and 
j-directions gives 
42t cos 0 = 90, 
42t sin — $gt? = 0. 
These are simultaneous equations in 0 and t. 
The first equation gives 
— 90 
~ 42cos@’ 


and using this equation to substitute for t in 
the second equation gives 


2 
90 90 

2| ———_ | sino — 4 = 

(aos) = ae (aos) í 


which can be simplified to 


90 sin 0 9079 B 
cos 0 2 x 42? cos20 


Rearranging, we get 


90sinð _ 9079 
cos6 2 x 422 cos? 6’ 
so 
90 
sin 0 cos 0 = EL 
thus (using the hint) 
1, 90g 
a = 
aoe aa eT 
hence 
90 x 9.8 
soy Lawn eae 
sin 20 Coa 
so 
sin 26 = 0.5. 


Since 0° < 0 < 90°, we obtain 
20 = 30° or 20 = 150°, 
so 
=i or Q= 75% 


Hence to ensure that the arrow hits the 
centre of the target, the archer should point 
the arrow at an angle of 15° above the 
horizontal. Alternatively, she could point it at 
an angle of 75° above the horizontal. 


Solution to Exercise 28 


Model the ball as a particle. 


Measure time from the moment when the ball 
is kicked. 


Choose the x-axis to point up the slope and 
the y-axis to be perpendicular to the slope, 
with the origin at the point from which the 
ball is kicked. 


|v| = 18 


We know that at time t = 0, the position is 
r = 0 and the velocity is 


v = 18 cos 10°i + 18 sin 10°). 


Solutions to exercises 


The acceleration a is the acceleration due to 
gravity, so it has magnitude g and points 
downwards. 


e- j 
l 70° a Le 
i 


Expressing a in component form gives 

a = —g cos 70°i — g sin 70°j 
(or equivalently a = —g sin 20°i — g cos 20°). 
The velocity of the ball is given by 


v= faai 


= fos cos 70°i — g sin 70°j) dt 
= —gt cos 70°i — gt sin 70°j + c, 
where c is a vector constant. 
At time t = 0, the velocity is 
v = 18cos 10°i + 18sin 10°j. 


Substituting these values into the equation 
above gives 


18 cos 10°i + 18 sin 10°j 
= —g x 0 x cos 70°i — g x 0 x sin 70°j + c, 
so 
c = 18 cos 10°i + 18 sin 10°). 
This gives 
v = —gt cos 70°i — gt sin 70°j 
+ 18 cos 10°i + 18 sin 10°j 
= (18 cos 10° — gt cos 70°) i 
+ (18 sin 10° — gt sin 70°) j. 
The position of the ball is given by 


r= [vat 


= [ (800s 10°— gt cos 70°) i 
+ (18 sin 10° — gt sin 70°) j) dt 

= (18t cos 10°— gt? cos 70°) i 
+ (18¢sin 10°— Sgt? sin 70°) j + d, 


where d is a vector constant. 
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At time t = 0, the position is r = 0. 
Substituting these values into the equation 
above gives 


0 = (18 x 0 x cos 10°— $g x 0° x cos 70% i 

+ (18 x 0 x sin10°— 49 x 0? x sin 70°) j 
+d, 

sod = 0. 


This gives 

r = (18t cos 10° — 4gt? cos 70°) i 

+ (18t sin 10°— Sgt? sin 70°) j. 

The ball hits the slope when the j-component 
of its position is 0, that is, when 

18¢ sin 10°— Sgt? sin 70° = 0. 
Factorising this equation gives 

¢(18 sin 10°— gt sin 70°) = 0. 
This equation has two solutions, namely t = 0 


(which is the moment when the ball is kicked) 
and the solution t given by 


18sin 10°— ¿gt sin 70° = 0. 
Rearranging this equation gives 
36 sin 10° 
~ gsin 70° ` 
So this value of t is the time when the ball 
hits the slope. 


The distance travelled up the slope is the 
i-component of r, so to find how far up the 
slope the ball lands, we substitute the value 
of t obtained above into the formula for the 
i-component of r. This gives 


36 sin 10° 
8 | ——— 10° 
( g sin 70° ) a 


: 2 
36 sin 10° 
= š g ee cos 70°. 
g sin 70° 
Simplifying this expression gives 


648 sin 10°cos 10° 648 sin? 10°cos 70° 


g sin 70° g sin? 70° 
648 sin 10° 
= r (sin 70°cos 10°— cos 70°sin 10°) 
gsin 2 
648 sin 10° 
(= SS sin(70°— 109) 
g sin^ 70° 
= 11.2610... 


So the ball lands 11 metres (to 2 s.f.) up the 
slope. 
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Solution to Exercise 29 
(a) Model the ball as a particle. 


Measure time from the moment when the 
ball is thrown. 


Choose the x-axis to point down the 
slope and the y-axis to be perpendicular 
to the slope, with the origin at the point 
from which the ball is thrown. 


We know that at time t = 0, the position 
is r = 0 and the velocity is 


v = vo cos i + vo sin dj. 


The acceleration a is the acceleration due 
to gravity, so it has magnitude g and 
points downwards. 


j 
/ a 
4 : 


Expressing a in component form gives 
a = gsin ai — gcosaj. 


The velocity of the ball is given by 


v= faat 


= [(asinai — gcos aj) dt 

= gtsinai— gtcosaj+c, 
where c is a vector constant. 
At time t = 0, the velocity is 


v = vo cos ĝi + vo sin dj. 


Substituting these values into the 
equation above gives 


vo cos Ai + vg sin Oj 

=g x 0 x singi— g x 0 x cosaj +c, 
so 

c = vo cos Â i + vo sin 0j. 
This gives 

v = gtsin ai — gtcosaj 
+ vo cos ĝi + vosinðj 


= (vo cos 0 + gtsin a)i 


+ (vo sin 6 — gt cosa) j. 


The position of the ball is given by 


r= [vat 


= f cos + gtsina)i 
+ (vo sin 0 — gt cos a)j) dt 
= (votcosð + 4gt° sina) i 
+ (uot sin 6 — sgt? cosa) j+d, 
where d is a vector constant. 


At time t = 0, the position is r = 0. 
Substituting these values into the 
equation above gives 


0 = (vo x 0 x cosĝ + $g x 0? x sina) i 
+ (vo x 0 x sin 0 — ig x 0? x cosa) j 
+d, 
so d= 0. This gives 
r = (vot cos@ + 4g? sina) i 
+ (vot sin 8 — bgt? cosa) j. 


The ball hits the slope when the 
j-component of its position is 0, that is, 
when 


vot sin 8 — sgt? cosa = 0. 
Factorising this equation gives 
t(vp sin 6 — $gtcosa) = 0. 


This equation has two solutions, namely 
t = 0 (which is the moment when the ball 
is thrown) and the solution t given by 
vo sin 8 — sgt cosa = 0. 
We can rearrange this equation to give 
__ 2vo sind 


gcosa ` 


wa 


Solutions to exercises 


So this value of t is the time when the 
ball lands on the slope. 


The distance travelled by the ball down 
the slope at any time is the i-component 
of r, so to find the distance that the ball 
has travelled down the slope when it 
lands, we substitute the value of t 
obtained above into the formula for the 
i-component of r. This gives 


2vo sin 0 wosinð\? | 
vo (==) cos 0 + 4g (=) sina. 
g cos Q g cos Q 


Simplifying this expression gives 


2v2 sinĝcosð 2w sin? Osina 


gcosa g cos? q 
and combining the fractions gives 
2v2 sin 0 cos 0 cosa + 2v2 sin? Osin a 
g cos? a l 


Taking out the common factor 2vé sin 0 in 
the numerator gives 


2v2 sin (cos 8 cos a + sin f sin a) 


g cos? a 


This is the required expression for the 
distance travelled by the ball down the 
slope. 


We can use the identity 
cos(A — B) = cos A cos B + sin Asin B 
to write the expression above as 
2v% sin 8 cos(0 — a) 
g cos? q i 
as required. 


Substituting a = 0 into the expression 
above gives 


2v5 sin 0 cos 0 
g cos? 0 
that is, 
2vé sin 0 cos 0 
a - = 


Using the identity sin 20 = 2 sin 0 cos 0, we 
can write this expression as 


va sin 20 
2 
g 
as required. 
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